Josephson Current between Triplet and Singlet Superconductors by Hasegawa, Yasumasa
ar
X
iv
:c
on
d-
m
at
/9
80
94
03
v1
  [
co
nd
-m
at.
su
pr
-co
n]
  3
0 S
ep
 19
98
typeset using JPSJ.sty <ver.1.0b>
Josephson Current between Triplet and Singlet Superconductors
Yasumasa Hasegawa
Faculty of Science, Himeji Institute of Technology
Kamigori, Akou-gun, Hyogo 678-1297, Japan
(Received August 11, 2018)
The Josephson effect between triplet and singlet superconductors is studied. Josephson current
can flow between triplet and singlet superconductors due to the spin-orbit coupling in the spin-
triplet superconductor but it is finite only when triplet superconductor has Lz = −Sz = ±1,
where Lz and Sz are the perpendicular components of orbital angular momentum and spin
angular momentum of the triplet Cooper pairs, respectively. The recently observed temperature
and orientational dependence of the critical current through a Josephson junction between UPt3
and Nb is investigated by considering a non-unitary triplet state.
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Superconductivity in UPt3 attracts a lot of interests.
The existence of two different superconducting phases
(A and B phases) as well as the third phase in the mag-
netic field (C phase) shows that the superconductivity
in this system is not a conventional s-wave spin-singlet
superconductivity. The possibility of the triplet super-
conductivity has been discussed.1, 2, 3, 4) The anisotropy
of Hc2
5) is discussed as an evidence for the triplet super-
conductivity with the d vector parallel to the c-axis.2)
Experimental results of the Knight shift observed by the
NMR6, 7, 8) and µSR9) show the evidence for the triplet
superconductivity in UPt3.
10) The Knight shift is ob-
served to be independent of temperature in the super-
conducting phase forH > 5 kOe.6, 7, 8) It decreases below
T+c (A and B phases) for H < 5 kOe when H ‖ bˆ and
below T−c (B phase) for H < 2.3 kOe when H ‖ cˆ.8) The
spin susceptibility for the spin-singlet superconductivity
decreases as temperature becomes low, while that for the
spin-triplet superconductivity is independent of temper-
ature if the magnetic field is perpendicular to the d vec-
tor. Therefore, the magnetic-field and temperature de-
pendences of the Knight sift of UPt3 can be understood
by the spin triplet states. The A and B phases are iden-
tified with d(k) = db(k)bˆ and d(k) = db(k)bˆ + idc(k)cˆ,
respectively.8, 11, 10)
Since the Josephson effect is controlled by both the
amplitude and the phase of the order parameters, it is
a powerful tool to identify the symmetry of the order
parameters. Recently, Sumiyama et al.12) have observed
the Josephson critical current between a single crystal
UPt3 and an s-wave superconductor Nb. They also ob-
served the Shapiro steps of the h¯ω/(2e). If the Josephson
current is caused by the higher-order tunneling or the
proximity induced tunneling, the steps of h¯ω/(2ne) with
n ≥ 2 should be observed.13, 14) Thus it is concluded that
the Josephson current between UPt3 and Nb is caused by
the ordinary pair tunneling of the Cooper pairs. They
found that the critical current is very small in the A
phase and it increases steeply as temperature becomes
lower than T−c for the current parallel to the c-axis. The
Josephson current along the b-axis is observed even above
T−c and the increasing rate of the critical current as de-
creasing temperature becomes slower below T−c .
The order parameters near the interface may be differ-
ent from those in the bulk. Recently, it has been shown
that the localized zero energy state exists at the inter-
face when the order parameter change sign through the
reflection.15) The zero energy state has been studied
for the d-wave superconductors15, 16, 17, 18) and also for
the triplet superconductor.19) Although the zero energy
state should have an influence on the Josephson current,
most of the essential features of the Josephson current
can be understood by considering the lowest order in the
tunneling Hamiltonian for the uniform order parameters
in both singlet and triplet superconductors.
The Josephson current between spin triplet and spin
singlet superconductors is forbidden if tunneling Hamil-
tonian does not change the spin.20) Due to the spin-orbit
coupling in UPt3, the spin-triplet parings are actually
the odd-parity parings, i.e. a triplet state is formed in
the pseudospin, which is a superposition of the states
with different spins. Although the temperature indepen-
dent Knight shift for H > 5 kOe suggests a weak spin-
orbit coupling in UPt3, the spin-orbit coupling cannot
be neglected. Fenton21) and Geshkenbein and Larkin22)
have shown that the Josephson effect between triplet and
singlet superconductors can occur due to the spin-orbit
coupling. The Josephson tunneling between conventional
and unconventional superconductors are also studied by
several authors,23, 24, 13, 25) but they assumed the unitary
states for the triplet superconductors.
In this letter we consider a Josephson current between
triplet and singlet superconductors with the spin-orbit
coupling in the triplet superconductor by taking account
of the non-unitary triplet superconductivity. We write
the wave number, spin and the creation operator for the
triplet (singlet) superconductor as k, µ and a†
k,µ
(l, ν
and b†
l,ν
), respectively. Then the tunneling Hamiltonian
1
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in the presence of spin-orbit coupling is given by
HT =
∑
k,l
∑
µ,ν
{Tµ,ν(k, l)a†k,µbl,ν + h.c.}, (1)
where
Tµν(k, l) = T (k, l)δµν + T
′(k, l)(kˆ × nˆ) · ~σµν . (2)
The first term in eq.(2) is the spin diagonal matrix ele-
ment, and the second term is the tunneling matrix ele-
ment due to the spin-orbit coupling,22) where nˆ is a unit
vector normal to the interface, kˆ = k/kF (Fermi surface
is assumed to be spherical), and ~σ = (σx, σy, σz) is a
vector with Pauli matrices. In the second order pertur-
bation inHT the Josephson coupling energy is calculated
as
∆E = 〈0|HT 1
E0 −H0HT |0〉, (3)
where H0 is a direct sum of the Hamiltonian for two
superconductors and E0 is the ground state energy for
H0. The Josephson current is calculated as26)
I = −e〈0|N˙a 1
E0 −H0HT |0〉
−e〈0|HT 1
E0 −H0 N˙a|0〉, (4)
where
Na =
∑
k
∑
µ
a†
k,µ
ak,µ, (5)
and
N˙a =
i
h¯
[Na,HT ]
= − i
h¯
∑
k,l
∑
µ,ν
{Tµ,ν(k, l)a†k,µbl,ν − h.c.}. (6)
The Bogoliubov transformations for triplet and singlet
superconductors are written as
akµ =
∑
µ′
(
u
(t)
kµµ′
αkµ′ + v
(t)
kµµ′
α†
−kµ′
)
, (7)
and
blν =
∑
ν′
(
u
(s)
lνν′
βlν′ + v
(s)
lνν′
β†
−lν′
)
. (8)
For the singlet superconductor the order parameter is
written as
∆
(s)
νν′(l) = Ψ(l) (iσ
y)νν′ , (9)
and the Bogoliubov transformation is given by
u
(s)
lνν′
=
√
El + ǫl
2El
δνν′
v
(s)
lνν′
=
(−iσy)νν′Ψ(l)√
2El(El + ǫl)
, (10)
where
El =
√
ǫ2
l
+ |Ψ(l)|2. (11)
The order parameter for spin triplet is written as
∆
(t)
µµ′ (k) = (i(~σ · d(k))σy)µµ′ . (12)
If d(k)×d∗(k) = 0, the order parameter given in eq. (12)
is proportional to a unitary matrix and it is called as a
unitary state. If d(k) × d∗(k) 6= 0, the state is called
non-unitary. For the unitary state the Bogoliubov trans-
formation is given by3)
u
(t)
kµµ′
=
√
Ek + ǫk
2Ek
δµ,µ′
v
(t)
kµµ′
=
(−i(d(k) · ~σ)σy)µµ′√
2Ek(Ek + ǫk)
(13)
where
Ek =
√
ǫ2
k
+ |d(k)|2. (14)
We get
∆E = 2Re
∑
kl
T (k, l)T ′(−k,−l)(kˆ × nˆ) · d∗(k)Ψ(l)
EkEl(Ek + El)
(15)
In the above we have took only terms depending on the
phase difference of the order parameters and we have ne-
glected the phase independent terms which are irrelevant
to the Josephson critical current.
The Josephson current between the spin-triplet uni-
tary state and spin singlet state is obtained as22)
I =
−2e
h¯
Im
∑
kl
T (k, l)T ′(−k,−l)(kˆ × nˆ) · d∗(k)Ψ(l)
EkEl(Ek + El)
(16)
From eq.(16) it is obtained that the Josephson current is
zero if d(k) is parallel to n. Therefore, if d vector is par-
allel to the c-axis, the Josephson current along the c-axis
cannot be explained. Even if d(k) is not parallel to cˆ,
the Josephson current is zero for the states belonging to
the one-dimensional representation of the D6h symmetry
for the weak spin-orbit coupling case such as d(k) ∝ kcbˆ
or d(k) ∝ kc(k2b + k2b )bˆ due to the summation over k,
since T (k, l) and T ′(k, l) have six-fold rotational sym-
metry for k in the a-b plane in UPt3. These states have
finite Josephson current along the a-axis. This can be
understood as follows. Since the total (orbital (L) plus
spin (S)) angular momentum is conserved by the tun-
neling Hamiltonian, only the Cooper pairs with angular
momentum Lz = −Sz = ±1 can be transformed into
spin-singlet pairs. If d(k) ‖ cˆ, Cooper pairs are formed
in the states of Sz = 0, and no Josephson current flows.
Finite Josephson current parallel to the c-axis is possible
for the state d(k)× cˆ 6= 0 such as
1. d(k) ∝ k2c (ka + ikb)bˆ,
2. d(k) ∝ (k2c − C)(ka + ikb)bˆ,
3. d(k) ∝ (k2c − C)(ka)bˆ,
etc., where C is a constant. The c component of the an-
gular momentum is 1 for the first and the second exam-
ples and superposition of 1 and −1 for the third example.
These states belong to the two-dimensional representa-
tion for the weak spin-orbit coupling case, since Lz = 1
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and −1 make the basis for the two-dimensional repre-
sentation. The z component of the spin of the Cooper
pair is a superposition of 1 and −1 in these cases of the
unitary states. As a result Josephson current is not for-
bidden by the symmetry. The energy gap is zero at the
equator (kc = 0) and the poles (ka = kb = 0) of the
Fermi surface for the first example, at the parallels of
latitude (kc = ±
√
C) and poles for the second exam-
ple, and at the parallels of latitude and lines of longitude
(ka = 0) for the third example. The density of states
N(E) for low energy excitations is proportional to
√
E,
E, and E log(1/E) for three examples, respectively. The
Josephson critical current perpendicular to the c-axis is
zero for the above three cases.
Next we consider non-unitary states. For simplicity we
take −id(k)× d∗(k) ‖ zˆ, which is equivalent to dz(k) =
0. This choice of the quantization direction for the spin
is possible for the equal-spin-paring state, i.e., only up
spins (Sz = 1) and down spins (Sz = −1) make Cooper
pairs and no up-down pairs (Sz = 0) exist by suitably
chosen quantization axis in the spin space. Note the z
direction in the spin space is not necessarily to be parallel
to the c-axis in the real space for the weak spin-orbit
coupling case. Then the Bogoliubov transformation is
given by
u
(t)
kµµ′
=
√
Ekµ′ + ǫk
2Ekµ′
δµµ′ (17)
v
(t)
kµµ′
=
(−i(d(k) · ~σ)σy)µµ′√
2Ekµ′(Ekµ′ + ǫk)
(18)
where
Ek± =
√
ǫ2
k
+ |d(k)|2 ± |d(k)× d∗(k)|. (19)
We get the Josephson coupling energy for the non-
unitary spin-triplet and spin-singlet superconductors as
∆E = 2Re
∑
k,l
T (k, l)T ′(−k,−l)
×


(
(kˆ × nˆ) · d∗(k) +
(
i(kˆ × nˆ)× d∗(k)
)
z
)
Ψ(l)
2(Ek+ + El)Ek+El
+
(
(kˆ × nˆ) · d∗(k)−
(
i(kˆ × nˆ)× d∗(k)
)
z
)
Ψ(l)
2(Ek− + El)Ek−El

 .
(20)
The Josephson current between non-unitary spin-triplet
and spin singlet superconductors is obtained as
I =
−2e
h¯
Im
∑
k,l
T (k, l)T ′(−k,−l)
×


(
(kˆ × nˆ) · d∗(k) +
(
i(kˆ × nˆ)× d∗(k)
)
z
)
Ψ(l)
2(Ek+ + El)Ek+El
+
(
(kˆ × nˆ) · d∗(k)−
(
i(k × nˆ)× d∗(kˆ)
)
z
)
Ψ(l)
2(Ek− + El)Ek−El

 .
(21)
By noting that
(kˆ × nˆ) · d∗(k)± i
(
(kˆ × nˆ)× d∗(k)
)
z
= [(kˆ × nˆ)x ∓ i(kˆ × nˆ)y][d∗x(k)± id∗y(k)], (22)
we obtain that the Josephson current along the z-axis
is zero for the states with Lz = Sz = 1, which are
the case for example in d(k) ∝ (kx + iky)(xˆ + iyˆ) or
d(k) ∝ (k2z − C)(kx + iky)(xˆ + iyˆ). In the non-unitary
states with Lz = −Sz = 1 such as (kx + iky)(xˆ− iyˆ) or
(k2z −C)(kx + iky)(xˆ− iyˆ) only the electrons with down
spin form Cooper pairs and the Josephson current can
be finite along the z-axis.
Here we assume the B phase of UPt3 as a non-unitary
state with
d(k) = db(k)bˆ+ idc(k)cˆ, (23)
as proposed to explain the Knight shift.8, 10) We take
aˆ, bˆ and cˆ as zˆ, xˆ and yˆ respectively in order to have
−id(k)×d∗(k) ‖ zˆ. We take dc(k)/da(k) to be real and
we get
Ek± =
√
ǫ2
k
+ |db(k)± dc(k)|2. (24)
For the c-axis junction we put nˆ = yˆ = cˆ and get the
Josephson current as
Ic =
−2e
h¯
Im
∑
k,l
T (k, l)T ′(−k,−l)
×
[
−ka(d∗b (k) + d∗c(k))Ψ(l)
2(Ek+ + El)Ek+El
+
−ka(d∗b(k)− d∗c(k))Ψ(l)
2(Ek− + El)Ek−El
]
.
(25)
For the b-axis junction (nˆ = xˆ = bˆ), we get the Joseph-
son current as
Ib =
−2e
h¯
Im
∑
k,l
T (k, l)T ′(−k,−l)
×
[
−ika(d∗b(k) + d∗c(k))Ψ(l)
2(Ek+ + El)Ek+El
+
ika(d
∗
b(k)− d∗c(k))Ψ(l)
2(Ek− + El)Ek−El
]
.
(26)
The Josephson current for the a-axis junction (nˆ =
zˆ = aˆ) is given by
Ia =
−2e
h¯
Im
∑
k,l
T (k, l)T ′(−k,−l)
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×
[
i(kb − ikc)(d∗b (k) + d∗c(k))Ψ(l)
2(Ek+ + El)Ek+El
+
−i(kb + ikc)(d∗b (k)− d∗c(k))Ψ(l)
2(Ek− + El)Ek−El
]
.
(27)
If we take db(k) 6= 0 for T < T+c (A and B phases) and
dc(k) 6= 0 for T < T−c (B phase), it will be difficult
to explain the experimental results that the Josephson
critical current is very small in the A phase and increases
steeply below T−c for I ‖ c while Ib increases more slowly
below T−c than in the A phase.
12)
On the other hand if we assume dc(k) ∝ ka, (k2c−C)ka,
ka+ikb, or (k
2
c−C)(ka+ikb) becomes finite below T+c and
db(k) becomes finite below T
−
c in the same k dependence
as dc(k), we get Ic is zero for T
−
c < T < T
+
c and it
increases as d∗b(k)Ψ(l) for T < T
−
c . In this assumption
we get Ib is finite below T
+
c . Below T
−
c Ib is not changed
in the linear order in |db(k)| but it changes in the higher
order in |db(k)| and the second term in eq.(26) becomes
small when db(k) ≈ dc(k). Thus we expect the slower
increase of Ib below T
−
c .
In conclusion we have shown that the Josephson cur-
rent between triplet and singlet superconductors is al-
lowed if the Cooper pairs in the triplet superconductors
have a component Lz = −Sz = ±1, where z is the di-
rection normal to the junction. These results are ob-
tained by the lowest order perturbation in the tunneling
Hamiltonian at T = 0, but the extension to a finite tem-
perature is possible as in the Junctions between singlet
superconductors.26) We can understand the temperature
and orientational dependence of the Josephson critical
current12) by assuming the non-unitary state in the B
phase, which is proposed to explain the Knight shift in
NMR,8, 10) although we have used the different d vector
in the A phase from that is used to explain the Knight
shift.
The author would like to thank A. Sumiyama for show-
ing the experimental data prior to publication and useful
discussions.
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